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Abstract
We consider the Sp(2n) invariant formulation of higher spin fields on flat and curved
backgrounds of constant curvature. In this formulation an infinite number of higher spin
fields are packed into single scalar and spinor master fields (hyperfields) propagating on
extended spaces, to be called hyperspaces, parametrized by tensorial coordinates. We show
that the free field equations on flat and AdS–like hyperspaces are related to each other by
a generalized conformal transformation of the scalar and spinor master fields. We compute
the four–point functions on a flat hyperspace for both scalar and spinor master fields, thus
extending the two– and three–point function results of hep-th/0312244. Then using the
generalized conformal transformation we derive two–, three– and four–point functions on
AdS–like hyperspace from the corresponding correlators on the flat hyperspace.
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1 Introduction
Various formulations of one and the same theory may prove useful for revealing and/or making
manifest its different properties and features. This is certainly the case for higher spin gauge
theory, for which various different descriptions have been proposed. Historically, the first ap-
proach was a metric–like formulation put forward by Fronsdal [1] and the second one was the
frame–like approach [2, 3] which proved to be most efficient for constructing non–linear higher
spin field theories with the use of unfolding techniques [4–6] 1. Since consistent interactions
require an infinite number of fields with spin ranging from zero to infinity, in this approach,
massless higher spin gauge fields are encoded into a generalized (one–form) spin connection and
a scalar (zero–form) field which, in the case of four space–time dimensions xm (m = 0, 1, 2, 3),
take the following form
ω(x, y, y) =
∞∑
i,j=0
dxmω
α1...αi, β˙1...β˙j
m (x)yα1 ...yαiyβ˙1 ...yβ˙j ,
C(x, y, y¯) =
∞∑
i,j=0
Cα1...αi, β˙1...β˙j(x)yα1 ...yαiyβ˙1 ...yβ˙j , (1.1)
where yα and y¯β˙ (α, β˙ = 1, 2) are twistor–like Weyl–spinor variables, which are used to incorpo-
rate into a compact form an infinite number of physical higher spin gauge fields and their field
strengths with spins s growing from zero to infinity, as well as an infinite number of auxiliary
fields. The variables yα and y¯β˙ can be regarded as coordinates that extend the conventional
space–time with additional ‘twistor–like’ directions. The interacting theory is formulated in
space–time with a non–zero cosmological constant Λ, for instance on a D–dimensional anti de
Sitter background. The coupling constants in a perturbative expansion of higher spin interactions
are proportional to inverse powers of Λ and thus do not admit a naive flat space–time limit2. The
theory is gauge invariant under an infinite–dimensional non–Abelian higher spin gauge symme-
try, which contains an AdSD isometry group SO(D − 1, 2) as a finite dimensional subgroup. In
D = 4 and in the free field limit, the SO(3, 2) symmetry is extended to the conformal symmetry
SO(4, 2), the latter being (spontaneously) broken by higher spin interactions. Nevertheless, it is
often important to first understand the symmetries of the free theory, which are already quite
nontrivial for higher spin gauge theories, and then study their implications when the interactions
are switched on. The requirement that the nonlinear interaction possesses a part of, or some kind
of nonlinear deformations of the original free theory, can be a good selection criterion for the
allowed interaction terms. The study of one of the “hidden” symmetries of free field equations
of massless higher spin fields and, in particular, the restrictions that this symmetry imposes on
their correlation functions in flat and AdS spaces is the subject of this paper. In D = 4, the
hidden symmetry in question is Sp(8) and contains the conformal group SO(4, 2) as a subgroup.
To make the Sp(8) symmetry manifest, we will consider a formulation of free higher spin the-
ory in which the conventional space–time is extended with extra coordinates in a way that is
different from (or complementary to) eq. (1.1). We will call such an extension ‘hyperspace’ [15]
1See reviews [7–14] and references therein for details on the features and different formulations of higher spin
theory.
2Although Vasiliev’s nonlinear equations are formulated in a background independent way, their perturbative
expansion is also (usually) performed around the AdSD background which is one of the admissible vacuum solutions
of these equations, see e.g. [7, 9,12] for a review.
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to reconcile the different names given in earlier papers, such as tensorial space [16,17] or matrix
space [18].
The symmetry that we are going to explore was first observed in [19] using the following
reasoning. It is well known that the group SO(3, 2) ∼ Sp(4), which is the isometry group of
a four–dimensional AdS space and of the conformal group in three dimensions, has a so-called
singleton representation associated with a 3d scalar and spinor field. According to the Flato–
Fronsdal theorem [20], the Sp(4)× Sp(4) product of two singleton modules generates an infinite
sum of massless higher spin states in D = 4 with each spin s appearing once. The integer
and half–integer spin sets of these states form infinite representations of the Sp(8) group, which
contains Sp(4) × Sp(4) and SO(4, 2) as subgroups. Fronsdal observed that ten is the minimal
dimension of space, which contains the four–dimensional space–time as a subspace, and in which
the Sp(8) symmetry acts geometrically, i.e. it acts on the points of this space in a way similar
to conformal transformations in flat or AdS space–time. His idea was that there should exist a
theory in this 10d hyperspace which, in a way alternative to that of Kaluza and Klein, would
reproduce the massless higher spin field theory in the 4d space–time.
The first explicit realization of this idea was a twistor–like superparticle model of Bandos
and Lukierski [16] which, for D = 4, possesses the generalized superconformal symmetry under
OSp(1|8). The original motivation behind this model was not related to higher spins, but to a
geometric interpretation of commuting tensorial charges of an extended supersymmetry algebra
as momenta conjugate to six tensorial coordinates ymn = −ynm (m,n = 0, 1, 2, 3), which extend
four space–time coordinates xm to the ten–dimensional hyperspace
Xµν = Xνµ =
1
2
xm γµνm +
1
4
ymn γµνmn , µ, ν = 1, 2, 3, 4 , (1.2)
where γµνm = γ
νµ
m are four–dimensional symmetric gamma–matrices.
The higher spin content of this model was found later in [17] where the quantum states of
the superparticle were shown to form an infinite tower of massless higher spin fields, and the
relation of this model to the unfolded formulation was assumed. This relation was analyzed in
detail in [18,21–24].
In particular, in [21] it was demonstrated that the field equations in a super–hyperspaceMN |n
of bosonic dimension 12n(n + 1) and of fermionic dimension nN are OSp(N |2n) invariant and,
for n = 4, they correspond to the unfolded higher spin field free equations in D = 4. It has also
been shown [18] that the theory possesses properties of causality and locality. A detailed analysis
of free field equations in hyperspaces associated with space–times of dimension D = 3, 4, 6 and
10 was further carried out in [24]. Two– and three–point Sp(2n)–invariant correlation functions
of scalar and spinor fields in flat hyperspace Mn were computed in [18, 25]. In the unfolded
formalism, Sp(2n)–invariant multi–point functions were given in [26], that generalized four–
dimensional 2– and 3–point function computations of [27]. Other aspects of the hyperspace
formulation and its supersymmetrization have been considered in [15,28–34] (see also [35]).
The results mentioned above were obtained in flat hyperspace that contains conventional
Minkowski space–time as a subspace. However, also AdS (super)spaces admit the hyperspace
extensions [36,37], [21]. These are (super)group manifolds OSp(N |n). In particular, the hyper-
space extension of N = 1 AdS4 superspace is the supergroup OSp(1|4). In [38] and [23] it was
shown that Sp(8)–invariant field equations on Sp(4) lead to free unfolded equations for massless
higher spin fields in AdS4.
In this paper, we continue the study of the dynamics of massless higher spin fields in flat
2
and Sp(n) hyperspaces. In particular, exploiting the property that Sp(n) group manifolds are
‘GL–flat’ [22,23], i.e. they are related to the flat hyperspace by a ‘generalized conformal’ (general
linear) transformation, we find the explicit relation between the solutions of the Sp(2n)–invariant
field equations in flat hyperspace and on Sp(n), as well as the relation between the Sp(2n)–
invariant correlation functions of fields in these spaces. Requiring Sp(2n) symmetry, we also
derive the explicit form of the four–point correlation functions in these hyperspaces, which turns
out to be analogous to the form of correlation functions in conformal field theories.
The paper is organized as follows. In Section 2, we collect the main facts about scalar and
spinor field theories on flat hyperspaces. We give an explicit form of the field equations, describe
their Sp(2n) symmetry group and review how the linearized curvatures for massless higher spin
fields in the conventional flat space–time are obtained in this approach.
In Section 3, we discuss the scalar and spinor field theories on Sp(n) group manifolds. As
mentioned above, these manifolds are actually hyperspace extensions of AdS spaces, and the
field equations on Sp(n) manifolds are deformations of the ones on flat hyperspaces, with the
deformation parameter being related to the corresponding AdS radius.
In Section 4, we establish a connection between the previous two Sections. In particular, we
show that the field equations on flat and AdS hyperspaces are related via a generalized conformal
transformation of the scalar and spinor fields, similarly to the case of scalar and spinor fields on
the ordinary flat and AdS spaces. The crucial tool in establishing the connection between flat
and AdS hyperspaces is the GL(n) flatness property of Sp(n) group manifolds [22], which is a
generalization of the conformal flatness property of conventional AdS spaces.
Section 5 is, in a certain sense, complementary to the rest of the paper. There, we show by
explicit computation how the metric on a four dimensional AdS space is obtained from the Sp(4)
hyperspace and derive the exact relation between the contraction parameter of the Sp(4) algebra
and the radius of AdS4.
In Section 6 we present computations of various correlation functions on flat and AdS hy-
perspaces. The two– and three– point correlation functions on flat hyperspaces were obtained
previously in [25]. We follow a similar approach to derive four–point functions on flat hyper-
space for bosonic and fermionic fields. Having obtained correlators on flat hyperspaces, we use
the generalized conformal transformation relating the fields on flat and AdS hyperspaces in order
to obtain the correlators on Sp(n) group manifolds.
The last Section contains our conclusions and open questions for future research.
Finally, the Appendix summarizes technical details that are useful for the calculations.
2 Scalar and spinor field theory in flat hyperspace
The points of the flat hyperspaceMn are parametrized by symmetric matrix coordinates Xµν =
Xνµ (µ, ν = 1, . . . , n). The linear symmetries of Mn are rigid translations and GL(n) rotations
generated, respectively, by
Pµν = −i ∂
∂Xµν
≡ −i∂µν , [Pµν , Pρλ] = 0 , (2.1)
and
Lν
µ = −2iXµρ ∂ρν , [Lνµ, Lλρ] = i(δµλ Lρν − δρν Lµλ) , (2.2)
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where, by definition,
∂Xµν
∂Xρλ
=
1
2
(δµρ δ
ν
λ + δ
ν
ρδ
µ
λ) . (2.3)
Under (2.1) and (2.2) the hyperspace coordinates are transformed as follows
δXµν = i(aρλPρλ + gρ
λ Lλ
ρ)Xµν = aµν + (Xµρgρ
ν +Xνρgρ
µ) , (2.4)
where aµν = aνµ and gµ
ν are arbitrary constant parameters.
These symmetries are the hyperspace counterparts of the conventional Poincare´ translations,
Lorentz rotations and dilatations of Minkowski space–time. Generalized Lorentz rotations are
generated by traceless operators Lµ
ν − 1
n
δνµ Lλ
λ, forming the SL(n)–algebra, whereas dilatations
are generated by the trace of Lµ
ν .
One may enlarge these transformations by considering generalized conformal boosts
Kµν = iXµρXνλ∂ρλ , [K
µν , Kρλ] = 0 , (2.5)
so that the total transformation of Xµν becomes
δXµν = i(aρλPρλ + gρ
λ Lλ
ρ + kρλK
ρλ)Xµν = aµν + (Xµρgρ
ν +Xνρgρ
µ)−XµρkρλXλν , (2.6)
where kµν = kνµ are constant parameters of the boosts.
The generators (2.1), (2.2) and (2.5) form the Sp(2n) algebra which plays the role of a
generalized conformal symmetry in the hyperspace
[Pµν , Pρλ] = 0, [K
µν , Kρλ] = 0, [Lν
µ, Lλ
ρ] = i(δµλ Lν
ρ − δρν Lλµ) ,
[Pµν , Lλ
ρ] = −i(δρµPνλ + δρνPµλ), [Kµν , Lλρ] = i(δµλKνρ + δνλKµρ) ,
[Pµν ,K
λρ] = i4(δ
ρ
µLν
λ + δρνLµ
λ + δλµLν
ρ + δλνLµ
ρ) . (2.7)
From the structure of this algebra, one can see that the flat hyperspaceMn can be realized as a
coset manifold associated with the translations P = Sp(2n)
K×⊃SL(n) whereK×⊃ SL(n) is the semi–direct
product of the general linear group and the boosts Kµν .
In the case n = 4, which is related to the higher spin theory in D = 4 (see eq. (1.2)), the
generalized conformal symmetry of M4 is Sp(8). As was previously shown in [21], the dynamics
of the free higher spin fields in flat D = 4 space–time is encoded into two hyperfields. A scalar
field b(X) incorporates the field strengths of the 4d fields of integer spins and a spinor field fµ(X)
incorporates the half–integer spin field strengths3. They satisfy the following field equations [21]
(∂µν∂ρλ − ∂µρ∂νλ)b(X) = 0 , (2.8)
∂µνfρ(X) − ∂µρfν(X) = 0 . (2.9)
Note that, in the above equations, there is no contraction of indices, implying that a priori we do
not endow the hyperspace with a metric structure. As we will see below, the metric structure will
appear upon reduction of these equations to the physical space–time by expanding the tensorial
coordinates in the basis of the gamma–matrices as in eq. (1.2). The Minkowski metric then
appears as a consequence of the use of the Clifford algebra {γm, γn} = 2ηmn.
3We call the field fµ(X) spinor since in the physically interesting cases the index µ is associated with a spinor
representation of the Lorenz group in the D–dimensional subspace–time of the hyperspace.
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In any Mn, the equations (2.8) and (2.9) are invariant under the Sp(2n) transformations
(2.6), provided that the fields transform as follows
δb(X) = −(aµν∂µν + 1
2
gµ
µ + 2gν
µXνρ∂µρ − kµν(1
2
Xµν +XµρXνλ∂ρλ))b(X) , (2.10)
δfρ(X) = −(aµν∂µν + 1
2
gµ
µ + 2gν
µXνλ∂µλ − kµν(1
2
Xµν +XµτXνλ∂τλ))fρ(X) +
−(gρν − kλρXλν)fν(X) . (2.11)
Note that these variations contain the term 12(gµ
µ − kµνXµν), implying that the fields have the
canonical conformal weight 1/2. A natural generalization of these transformations for fields of a
generic conformal weight ∆ is
δb(X) = −(aµν∂µν +∆(gµµ − kµνXµν) + 2gνµXνρ∂µρ − kµνXµρXνλ∂ρλ)b(X) , (2.12)
δfρ(X) = −(aµν∂µν +∆(gµµ − kµνXµν) + 2gνµXνλ∂µλ − kµνXµτXνλ∂τλ)fρ(X)
−(gρν − kλρXλν)fν(X) . (2.13)
In the case of n = 2, the hyperspace M2 is just the ordinary D = 3 Minkowski space
parametrized by Xµν = xm γµνm (m = 0, 1, 2) and, as one may easily check, eqs. (2.8) and (2.9)
reduce, respectively, to the Klein–Gordon equation for the massless scalar b(x) and the massless
Dirac equation for the Majorana spinor fµ(x), which are conformally invariant.
In the case of M4, eqs. (2.8) and (2.9) produce in D = 4 the conformally invariant set of
Bianchi identities and equations of motion for linearized field strengths of the massless fields of
all spins s = 0, 12 , 1, 2, . . . ,∞, while the cases n = 8 and n = 16 describe conformally invariant
higher spin fields whose field strengths are self–dual, respectively, in D = 6 and D = 10, as was
shown in detail in [24].
For instance, to obtain the higher spin field equations from (2.8) and (2.9) in the four–
dimensional case, one expands b(X) and fµ(X) in powers of the extra coordinates y
mn = −ynm,
eq. (1.2), as follows
b(xl, ymn) = φ(x) + ym1n1Fm1n1(x) + y
m1n1 ym2n2 [Rm1n1,m2n2(x)− 12ηm1m2∂n1∂n2φ(x)]
+
∑∞
s=3 y
m1n1 · · · ymsns [Rm1n1,··· ,msns(x) + · · · ] ,
(2.14)
fρ(xl, ymn) = ψρ(x) + ym1n1 [Rρm1n1(x)− 12∂m1(γn1ψ)ρ]
+
∑∞
s= 5
2
ym1n1 · · · yms− 12 ns− 12 [Rρm1n1,··· ,ms− 1
2
n
s− 1
2
(x) + · · · ] .
In (2.14), φ(x) and ψρ(x) are a scalar and a spinor field, respectively, Fm1n1(x) is the Maxwell
field strength, Rm1n1,m2n2(x) is the curvature tensor of linearized gravity, R
ρ
m1n1(x) is the Rarita–
Schwinger field strength and other terms in the series stand for generalized Riemann curvatures
of spin–s fields4 (that also contain contributions of derivatives of the fields of lower spin denoted
by dots, as in the case of the Rarita–Schwinger and gravity fields).
4The pairs of the indices separated by the commas are antisymmetrized.
5
Substituting the expressions (2.14) into eqs. (2.8) and (2.9), and rewriting the derivatives
explicitly as
∂µν =
1
2
(
γmµν
∂
∂xm
+ γmnµν
∂
∂ymn
)
, (2.15)
one finds that the scalar and the spinor field satisfy, respectively, the Klein–Gordon and the
Dirac equations, while the higher spin field curvatures satisfy the Bianchi identities
R[m1n1, m2]n2,··· ,msns = 0 , ∂[l1Rm1n1],m2n2,··· ,msns = 0 , (2.16)
and the linearized higher spin field equations
Rmn1,mn2,m3n3,··· ,msns = 0 , (γ
m1R)µm1n1,m2n2, ··· ,ms− 1
2
n
s− 1
2
= 0 . (2.17)
To the best of our knowledge, equations similar to (2.16) and (2.17) first appeared in the Weinberg
paper [39]. In [40], in a ‘symmetric’ Young–tableaux convention, higher spin curvatures (and
generalized Christoffel symbols) were constructed as s–derivatives of Fronsdal [1] potentials of
spin–s. In the same form as (2.16) and (2.17) the curvature equations were given e.g. in [41],
and in [42, 43] it was shown that these equations for integer–spin curvatures are equivalent to
s–derivative equations on unconstrained spin–s potentials and are invariant under unconstrained
local higher–spin symmetries. These equations, in turn, are reduced (upon a partial gauge
fixing) to the second–order Fronsdal equations [43]. For half–integer higher–spin fields these
results were generalized in [24] to which we refer the reader for further details on field theories
in flat hyperspaces and proceed to discuss hyperspace field theories related to higher spin fields
in AdS.
3 Scalar and spinor field theory on the group manifold Sp(n)
As was noticed in [36, 37] and [21], the hyperspace extension of the AdS4 space is the group
manifold SO(3, 2) ∼ Sp(4) which contains the AdS4 = SO(3,2)SO(3,1) symmetric space as a coset
subspace of maximal dimension. For n > 4, an AdSd space is also a subspace of Sp(n) but is no
longer the maximal coset of this group.
Before generalizing the field equations (2.8) and (2.9) to the Sp(n) case, let us recall the basic
group–theoretical and geometric properties of the Sp(n) group manifold.
The group Sp(n) is generated by n× n symmetric matrices Mαβ forming the algebra
[Mαβ ,Mγδ ] = − iξ
2
[
Cγ(αMβ)δ + Cδ(αMβ)γ
]
, α, β = 1, ..., n , (3.1)
where Cαβ = −Cβα is an Sp(n)–invariant symplectic metric and the parameter ξ has the inverse
dimension of length. As will be shown explicitly in Section 5, the parameter ξ is related to the
radius of the AdS space. Its presence in the Sp(n) algebra allows one to perform (at ξ → 0) its
contraction to the algebra of translations Mαβ → Pαβ (2.1) of the flat Mn hyperspace.
As a group manifold, Sp(n) is the coset Sp(n)L×Sp(n)R/Sp(n) which has the isometry group
Sp(n)L × Sp(n)R, the latter being the subgroup of Sp(2n) generated by
MLαβ = Pαβ −
ξ2
16
Kαβ − ξ
4
L(αβ) M
R
αβ = Pαβ −
ξ2
16
Kαβ +
ξ
4
L(αβ) , (3.2)
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as one may see from the structure of the Sp(2n) algebra (2.7). In (3.2), Kαβ = CαγCβδK
γδ and
L(αβ) =
1
2 (Lα
γCγβ + Lβ
γCγα). The latter generate the diagonal Sp(n) subalgebra of Sp(n)L ×
Sp(n)R. This algebraic structure implies that Sp(n) can also be realized as a coset manifold of
Sp(2n) associated with the generators P−ξ2K = Sp(2n)
SL(n)×⊃K . This coset is apparently different from
the Sp(2n) coset realization of the flat hyperspace Mn discussed in the previous Section, but it
implies that the two manifolds can actually be related to each other by an Sp(2n) transformation
in a way similar to the conformal flatness of the conventional Minkowski and AdS space. This
property will be discussed in detail in the next Section.
The Sp(n) group element O(X), parametrized by the coordinates Xµν , defines Cartan forms
Ωαβ(X)
O−1dO = ΩαβMαβ = dXµνEαβµν (X)Mαβ . (3.3)
The Cartan forms encode the vielbeine and the spin connections which characterize a geometry
of Sp(n). In eq. (3.3) we distinguish the flat tangent–space basis on Sp(n), labeled by the letters
α, β, ... (from the beginning of the Greek alphabet), from the curved world basis associated with
Xµν , labeled by the letters µ, ν, ... (from the middle of the Greek alphabet).
By construction, the Cartan forms (3.3) obey the Maurer–Cartan equations, which according
to the algebra (3.1) have the form
dΩαβ +
ξ
2
Ωαγ ∧ Ωγβ = 0 , (3.4)
where the indices are lowered and raised by Cαβ and C
αβ as in eq. (A.2).
As in the general case of the group manifolds, one can define a geometry of Sp(n) to be flat
with non-trivial torsion, or to have zero torsion and constant curvature.
In the zero–curvature geometry one chooses the spin connection to be zero and a local
tangent–space basis to be formed by the vielbeine Eαβ ≡ Ωαβ = dXµνEαβµν (X). From the
Maurer–Cartan equations it then follows that the Sp(n) torsion is
Tαβ = dEαβ = −ξ
2
Eαγ ∧ Eγβ . (3.5)
The covariant derivatives associated with this geometry are constructed with the use of the
inverse vielbeine
∇αβ = Eµναβ(X)∂µν , EµναβEγδµν =
1
2
(δγαδ
δ
β + δ
δ
αδ
γ
β) , (3.6)
and form the Sp(n)–algebra
[∇αβ,∇γδ ] = ξ
4
(Cαγ∇βδ + Cαδ∇βγ + Cβγ∇αδ + Cβδ∇αγ) . (3.7)
On the other hand, one can interpret (3.4) as the torsion–free condition for the Sp(n) geometry
with curvature, described by the vielbein Eαβ and the connection ωα
β defined as follows
Eαβ = Ωαβ , ωα
β =
ξ
4
Ωα
β . (3.8)
The zero–torsion condition takes the form
Tαβ = DEαβ = dEαβ + Eαγ ∧ ωγβ + Eβγ ∧ ωγα = 0 , (3.9)
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and the Sp(n) curvature is
Rα
β = dωα
β + ωα
γ ∧ ωγβ = − ξ
2
16
Eα
γ ∧ Eγβ . (3.10)
The covariant differential
D = EαβDαβ = E
αβ∇αβ + ω , (3.11)
acts on the contravariant and covariant spinors Fα and Fα as follows
DF γ = dF γ + F γωγ
α = Eαβ(∇αβ δγδ +
ξ
8
Cαδδβ
γ +
ξ
8
Cβδδα
γ)F δ , (3.12)
DFγ = dFγ − ωαγFγ = Eαβ(∇αβ δδγ −
ξ
8
Cαγδβ
δ − ξ
8
Cβγδα
δ)Fδ . (3.13)
With the use of the zero–curvature covariant derivatives (3.6), the equations of motion of a
bosonic field B(x) and a fermionic field Fα(X), generalizing the flat hyperspace field equations
(2.8) and (2.9) to the Sp(n) group manifold, have the following form [23]
(∇αβ∇γδ −∇αγ∇βδ)B − (3.14)
−ξ
8
(Cαγ∇βδ − Cαβ∇γδ + Cβδ∇αγ −Cγδ∇αβ + 2Cβγ∇αδ)B −
−( ξ8)2(CαγCβδ − CαβCγδ + 2CβγCαδ)B = 0 ,
∇αβFγ −∇αγFβ + ξ
8
(CγαFβ − CβαFγ + 2CγβFα) = 0 . (3.15)
In the basis of the zero–torsion covariant derivatives (3.13), the fermionic equation simplifies to
DαβFγ −DαγFβ = 0 , (3.16)
while the bosonic equation takes the form
(DαβDγδ −DαγDβδ)B − ( ξ8 )2(CαγCβδ − CαβCγδ + 2CβγCαδ)B = 0 . (3.17)
Equations (3.14)–(3.17) are Sp(2n)–invariant. This fact stems from the origin of these equations
from the quantization of a corresponding Sp(2n)–invariant particle model [22, 23]. We will
explicitly show this below using the generalized conformal flatness of the Sp(n) manifold.
As we have mentioned, the flat hyperspace and the Sp(n) group manifold can be realized as
different cosets of their generalized conformal group Sp(2n). This prompts one to ask whether
their geometries, as well as the solutions of the scalar and spinor field equations in flat and Sp(n)
hyperspace, can locally be related by a generalized conformal transformation in a way similar to
the conformally flat cases of conventional Minkowski and AdS spaces.
The answer to this question turns out to be positive. In order to explicitly demonstrate the
connection between the two systems we will explore a special property of the Sp(n) group mani-
folds found in [22] and called ‘GL–flatness’, where ‘GL’ stands for ‘general linear’ or ‘generalized
conformal’ flatness.
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4 GL–flatness of Sp(n) group manifolds and the relation between
the field equations in flat and Sp(n) hyperspaces
By GL–flatness of the Sp(n) manifold we mean that, in a local coordinate basis associated with
Xαβ , the covariant derivatives ∇αβ (3.6) satisfying the Sp(n) algebra (3.7) take a very simple
form
∇αβ = G−1µα (X)G−1νβ (X)∂µν , (4.1)
where G−1µα (X) is a matrix which depends linearly on Xα
µ
G−1µα (X) = δ
µ
α +
ξ
4
Xα
µ . (4.2)
The corresponding Sp(n) Cartan forms Ωαβ are
Ωαβ = dXµνGµ
α(X)Gν
β(X) , (4.3)
where the matrix Gµ
α(X) is inverse of G−1µα (X) 5 and has the following form
Gµ
α(X) = δαµ +
∞∑
k=1
(
−ξ
4
)k
(Xk)µ
α , (4.4)
where (Xk)µ
α stands for the product of the k matrices Xµ
α. Note that the possibility of repre-
senting the Cartan forms in the form (4.3) is a particular feature of the Sp(n) group manifold
since, in general, it is not possible to decompose the components of the Cartan form into a “direct
product” of components of some matrix Gµ
α.
GL–flatness implies that the Sp(n) Cartan forms and the covariant derivatives can be obtained
from the flat hyperspace ones by a transformation in the group GL(n) ⊂ Sp(2n) involving the
matrix Gµ
α and its inverse.
The matrices G−1µα (X) and Gµ
α(X) satisfy the following identities
∂µνG
−1αβ =
ξ
8
(δαµδ
β
ν + δ
β
µδ
α
ν ) , (4.5)
∂µνGρ
σ =
ξ
8
(GρµGν
σ +GρνGµ
σ) , (4.6)
dGρ
σ =
ξ
4
(Ωρ
σ + 2Gρ
µΩµ
σ) , (4.7)
∂µν
√
detG =
ξ
16
√
detG (Gµν +Gνµ) , (4.8)
∂µν(detG)
− 1
2 = − ξ
16
(detG)−
1
2 (Gµν +Gνµ) , (4.9)
∂µν(detG)
−∆ = −ξ∆
8
(detG)−∆(Gµν +Gνµ) , (4.10)
Gαλ(X)Gβ
λ(X) = G[αβ](X) ≡
1
2
(Gαβ(X)−Gβα(X)) . (4.11)
5Here we follow the notation of [22] in which the matrix Gβ
α(X) was introduced first and then G−1µα (X) was
derived as its inverse.
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These identities can be used to check that equation (3.4) is indeed solved by (4.3)–(4.4) and that
the fields B(X) and Fα(X) satisfying equations (3.14)–(3.17) are related to the fields b(X) and
fµ(X) satisfying the flat hyperspace equations (2.8)–(2.9) as follows
B(X) = (detG)−
1
2 b(X) , (4.12)
Fα(X) = (detG)
− 1
2 G−1α
µfµ(X). (4.13)
These relations are similar to the relations between the conformally invariant scalar and spinor
equations in the conventional flat and AdS spaces and reduce to them in the case of n = 2,
D = 3.
4.1 Sp(2n) transformations of the fields on Sp(n)
Using relations (4.12), (4.13), and the Sp(2n) transformations (2.10)–(2.13) of the bosonic and
fermionic fields in flat hyperspace, it is straightforward to derive the Sp(2n) transformations of
the fields on Sp(2n).
Using the relation between the fields of weight ∆ = 12 on flat hyperspace and on Sp(n) group
manifold (4.12) we have the following relation between the Sp(2n) transformations of the wight–12
fields on Sp(n) and in flat hyperspace
δB(X) = (detG)−
1
2 δb , (4.14)
δFα = (detG)
− 1
2 G−1µα δfµ . (4.15)
Note that in the above expressions the matrix Gα
µ is not varied since it is form–invariant, i.e.
G(X ′) has the same form as G(X).
Then, in view of eq. (4.9) the Sp(n)–variations of B(X) and Fα(X) have the following form
δB(X) = −(aαβDαβ + 1
2
(gα
α − kαβXαβ) + 2gβαXβγDαγ − kαβXαγXβδDγδ)B(X) , (4.16)
δFσ(X) = −(aαβDαβ + 12(gαα − kαβXαβ) + 2gβαXβγDαγ − kαβXαγXβδDγδ)Fσ(X) ,
−(gσβ − kσαXαβ)Fβ(X) , (4.17)
where the derivative Dαβ is defined as
Dαβ = ∂αβ + ξ
16
(Gαβ +Gβα) . (4.18)
Using (4.6) one can check that these derivatives commute with each other [Dαβ ,Dγδ] = 0 just as
in the flat case.
Let us note that the relation between the flat and Sp(n) hyperfields of an arbitrary weight
∆ and the form of the corresponding Sp(2n) transformations require additional study since to
this end one should know the form of Sp(2n)–invariant equations satisfied by these fields. In this
respect, the results of [28, 44] on higher–rank hyperfields and currents can be useful. This issue
will be addressed elsewhere.
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5 AdS4 Metric
Before considering correlation functions, let us first demonstrate the connection between the
Sp(4) group manifold and AdS4 space explicitly in the GL–flat basis (4.3), (4.4). In order to
do so, we shall compute an explicit form of the xm–dependent part of the metric on the Sp(4)
group manifold in the GL(4) flat parametrization and prove that it corresponds to a specific
parametrization of the AdS4 metric. In other words, we have to evaluate the expression
Ωαβ(xm) =
1
2
dxm(γm)
δσGδ
αGσ
β =
1
2
dxmeam(γa)
αβ +
1
4
dxmωabm (γab)
αβ, (5.1)
where the dependence of the matrices Xαβ on the coordinates ymn (see eq. (1.2)) is discarded,
i.e. Xα
β = 12x
n(γn)α
β . Denoting x2 = xmxnηmn and xm = ηmnx
n and, using the explicit form
(4.4) of Gµ
α(X), one obtains
Ωαβ(x) =
1
2
dxm
[1− ( ξ8 )2x2]2
[
(γℓ)
αβ
(
[1 + ( ξ8 )
2x2]δℓm − 2( ξ8 )2ηmnxnxℓ
)
− ξ4xn(γmn)αβ
]
. (5.2)
Hence, the vierbein and spin–connection take the form:
eam =
1
[1− ( ξ8)2x2]2
(
[1 + ( ξ8 )
2x2]δam − 2( ξ8 )2xaxm
)
, (5.3)
ωabm =
−2ξ
[1− ( ξ8)2x2]2
δ[amx
b] = − 8(
ξ
8 )
(1− ( ξ8)2x2)2
(xaδbm − xbδam) . (5.4)
For completeness, let us also present the explicit form of the metric, the inverse vierbein and the
inverse metric
gmn =
1
[1− ( ξ8)2x2]4
(
[1 + ( ξ8 )
2x2]2ηmn − 4( ξ8 )2xmxn
)
, (5.5)
ema =
1− ( ξ8 )2x2
1 + ( ξ8 )
2x2
(
[1− ( ξ8 )2x2]δma + 2( ξ8 )2xaxm
)
, (5.6)
gmn =
[1− ( ξ8)2x2]
2
[1 + ( ξ8)
2x2]
2
(
[1− ( ξ8 )2x2]2ηmn + 4( ξ8 )2xmxn
)
. (5.7)
It is well-known that the AdSD metric (5.5) can be represented as an embedding in a flat (D+1)-
dimensional space
ds2 = ηmndy
mdyn − (dyD)2 , (5.8)
via the embedding constraint
ηmny
myn − (yD)2 = −r2 . (5.9)
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Choosing the embedding coordinates for AdS4 to be
ym =
1 + ( ξ8 )
2x2
[1− ( ξ8 )2x2]2
xm, y4 =
√√√√r2 + x2 1 + ( ξ8 )2x2
[1− ( ξ8 )2x2]2
, (5.10)
one readily recovers the metric (5.5), with the parameter ξ being related to the AdS4 radius r
through
ξ =
2
r
. (5.11)
Finally, computing the Riemann tensor
Rabmn = −32( ξ8 )2
1 + ( ξ8)
2x2
[1− ( ξ8)2x2]4
(
[1 + ( ξ8 )
2x2]δ[amδ
b]
n + 4(
ξ
8 )
2x[aδ
b]
[mxn]
)
, (5.12)
and the Ricci scalar
R = −192
(
ξ
8
)2
= −3ξ2 , (5.13)
one verifies that the metric (5.5) indeed corresponds to a space with constant negative curvature.
We are now in a position to consider Sp(2n)–invariant correlation functions of the hyperfields.
6 Correlation functions on Sp(n) group manifold
One can derive the generic form of Sp(2n)–invariant correlation functions for bosonic and fermionic
fields of weight–12 on the Sp(n) group manifolds in a way similar to the conventional confor-
mal field theories in various dimensions [45] (see also [46] for analogous computations in two–
dimensional CFTs), as was carried out in [25] for computing the two– and three–point correlation
functions in flat hyperspace. Because of the GL–flatness property of the hyperspaces, the corre-
lation functions are related by the generalized conformal transformation.
For instance, since the two–point correlation functions for the flat–space fields b and fµ of
conformal weight–12 satisfy the free equations, they are related to the corresponding two–point
functions in Sp(n) in the same way as the fields themselves, i.e
〈B(X1)B(X2)〉Sp(n) = cB (detG(X1))−
1
2 (detG(X2))
− 1
2 (det |X12|)−
1
2 , (6.1)
〈Fα(X1)Fβ(X2)〉Sp(n) = (6.2)
cF G
−1µ
α (X1)G
−1ν
β (X2) (detG(X1))
− 1
2 (detG(X2))
− 1
2 (X12)
−1
µν (det |X12|)−
1
2 ,
where G(X1) and G(X2) stand, respectively, for Gα
β(X1) and Gα
β(X2), cB and cF are constants
which are not fixed by the Sp(2n) invariance, Xij = Xi −Xj and
〈b(X1)b(X2)〉flat = cb(det |X12|)−
1
2 ,
〈fµ(X1)fν(X2)〉flat = cf (X12)−1µν (det |X12|)−
1
2
12
are the flat space correlation functions computed in [18].
Let us comment on the conformal dimensions of the various fields entering the correlation
functions. For a flat hyperspace, the hyperfields have conformal weight ∆ = 12 and are identi-
fied with the primary fields of the conformal field theory, whereas conformal fields with higher
conformal weights correspond to derivatives of the hyperfields and are identified with the descen-
dants. One may also consider primary fields of higher weight in hyperspace [28, 44] which are
products of the master fields. For example, a bilinear combination of master fields corresponds
to conserved currents and they are dual to master fields in higher dimensional hyperspaces. The
detailed study of the generalized Conformal Field Theory involving such composite operators
will be addressed in future work. Hence, in what follows, when relating correlation functions on
flat and AdS hyperspaces, we will assume the fields to have weight 12 .
6.1 Two–point functions
Let us denote by
Φ(X1,X2) = 〈B(X1)B(X2)〉Sp(n) , (6.3)
the two–point correlation function of two scalar fields of conformal weight 12 on Sp(n). The in-
variance under the transformations (4.16) generated by the parameter aαβ results in the equation
aαβ(D1,αβ +D2,αβ)Φ(X1,X2) = 0 . (6.4)
In view of the identity
∂
∂Xαβ
det |X| = X−1αβ det |X|, XαγX−1γβ = δαβ , (6.5)
equation (6.4) is solved by
Φ(X1,X2) = (detG(X1))
− 1
2 (detG(X2))
− 1
2 Φ˜(det |X12|) , (6.6)
where here, Φ˜(det |X12|) is an arbitrary function of det |X1 −X2|. Imposing also the invariance
of the two-point function under the transformations generated by the parameter gα
β, namely
(gα
α + 2gβ
α(Xβγ1 D1,αγ +Xβγ2 D2,αγ))Φ(X1,X2) = 0 , (6.7)
fixes the form of the function Φ˜(det |X1 − X2|) and results in the following expression for the
two–point function
Φ(X1,X2) = cB(detG(X1))
− 1
2 (detG(X2))
− 1
2 (det |X12|)−
1
2 , (6.8)
where cB is an arbitrary constant. Finally, the invariance under the transformations generated
by the parameters kαβ imposes the condition
kαβ(
1
2X
αβ
1 +X
αγ
1 X
βδ
1 D1,γδ + 12Xαβ2 +Xαγ2 Xβδ2 D2,γδ)Φ(X1,X2) = 0 , (6.9)
which is identically satisfied by (6.8).
The derivation of eq. (6.8) reproduces the relation (6.1) between the Sp(n) two–point func-
tions of scalar fields of conformal weight 12 with those in flat hyperspace computed in [25].
Analogously, one may check the relation (6.2) between the two–point functions of two spinor
fields of weight 12 .
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6.2 Three–point functions
The calculation of the weight–12 bosonic field three–point function
Φ(X1,X2,X3) = 〈B(X1)B(X2)B(X3)〉Sp(n) , (6.10)
proceeds in a similar way. From the equation
aαβ(D1,αβ +D2,αβ +D3,αβ)Φ(X1,X2,X3) = 0 , (6.11)
one obtains
Φ(X1,X2,X3) = c3 (detG(X1))
− 1
2 (detG(X2))
− 1
2 (detG(X3))
− 1
2
Φ˜(det |X12|,det |X23|,det |X13|) , (6.12)
where Φ˜ is an arbitrary function depending only on the combinations det |Xi−Xj |. The equation
(
3
2gα
α + 2gβ
α
i=3∑
i=1
Xβγi Di,αγ
)
F (X1,X2,X3) = 0 , (6.13)
then fixes the form of the function Φ to be
Φ(X1,X2,X3) = (detG(X1))
− 1
2 (detG(X2))
− 1
2 (detG(X3))
− 1
2
(det |X12|)−
k3
2 (det |X23|)−
k1
2 (det |X13|)−
k2
2 , (6.14)
with
k1 + k2 + k3 =
3
2
. (6.15)
Finally, the equation
kαβ
i=3∑
i=1
(
1
2
Xαβi +X
αγ
i X
βδ
i Di,γδ)Φ(X1,X2,X3) = 0 , (6.16)
implies that
k1 = k2 = k3 =
1
2
. (6.17)
The equation (6.14) relates (via the conformal factors (detG(X1))
− 1
2 (detG(X2))
− 1
2 (detG(X3))
− 1
2 )
the bosonic field three–point function on Sp(n) with that in flat hyperspace computed in [25].
In a similar way, one observes that the three–point function involving two spinor and one scalar
fields6 are related as follows
〈Fα(X1)Fβ(X2)B(X3)〉Sp(n) = c3f (detG(X1))−
1
2 (detG(X2))
− 1
2 (detG(X3))
− 1
2 (6.18)
G−1µα (X1)G
−1ν
β (X2) (X12)
−1
µν (det |X12|)−
1
4 (detX23|)−
1
4 (det |X13|)−
1
4 .
6The correlation functions containing an odd number of spinor fields vanish identically [25].
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6.3 Four–point functions
To the best of our knowledge, the explicit form of N–point functions for N ≥ 4, both in flat and
Sp(n) hyperspace, have not previously been given in the literature, and below we present the
result for the four–point correlation functions 7.
The computation of the Sp(2n)–invariant four–point functions follows the same lines as the
computation of the two– and three–point functions. Let us consider first the correlation func-
tion of four scalar fields of an arbitrary weight ∆ in flat hyperspace. Its invariance under the
translations
aαβ
4∑
i=1
∂
∂Xαβi
Φ(X1,X2,X3,X4) = 0 , (6.19)
implies that the function Φ(X1,X2,X3,X4) depends only on the differences Xij = Xi − Xj .
Using the analogy with the usual conformal field theory for a four–point function we write
Φ(X1,X2,X3,X4) = c4
∏
ij,i<j
1
(det |Xij |)Γij
Φ˜
(
z, z′
)
, (6.20)
where z, z′ are the two independent cross-ratios
z = det
( |X12||X34|
|X13||X24|
)
, z′ = det
( |X12||X34|
|X23||X14|
)
. (6.21)
Crossing symmetry then implies the constraint
Φ˜(z, z′) = Φ˜
(
1
z
,
z′
z
)
= Φ˜
(
z
z′
,
1
z′
)
. (6.22)
Then, requiring the invariance under the GL(n) transformations, namely(
gα
α
i=4∑
i=1
∆i + 2gβ
α
i=4∑
i=1
Xβγi
∂
∂Xαβi
)
Φ(X1,X2,X3,X4) = 0 , (6.23)
one obtains the additional condition
j=4∑
j=2
i=j−1∑
i=1
Γij =
1
2
i=4∑
i=1
∆i . (6.24)
Finally, the invariance under the generalized conformal boosts
kαβ
i=4∑
i=1
(
∆iX
αβ
i +X
αγ
i X
βδ
i
∂
∂Xγδi
)
Φ(X1,X2,X3,X4) = 0 , (6.25)
imposes the condition on the conformal weights∑
j
Γij = ∆i, i 6= j . (6.26)
7In the unfolded formulation of hyperspace dynamics, N–point correlation functions were computed in [26],
however their relation to our form of the correlators still remains to be understood.
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Let us note that, similar to the usual conformal field theory, the four–point function (6.20)
contains an arbitrary function Φ˜, whose argument can be considered as a generalization of the
cross–ratios to the case of matrix–valued coordinates Xµν .
Now, as in the case of the two– and three–point functions, the expressions for four–point
functions on the Sp(n) group manifold for the primary weight–12 fields can be obtained from the
corresponding expressions on the flat hyperspace by the re–scaling of the former with appropriate
factors of (detG(Xi))
− 1
2 , i.e.
Φ(X1,X2,X3,X4)Sp(4) = Φ(X1,X2,X3,X4)
4∏
i=1
(detG(Xi))
− 1
2 , (6.27)
where the function Φ(X1,X2,X3,X4) on the right hand side of this equation is given in (6.20).
In the same way, one can obtain the four–point function of four spinor fields of weight ∆ = 12
by rescaling the flat hyperspace result
〈Fα(X1)Fβ(X2)Fγ(X3)Fδ(X4)〉Sp(4)
= G−1α
µ
(X1)G
−1
β
ν
(X2)G
−1
γ
ρ
(X3)G
−1
δ
σ
(X4)
4∏
i=1
(detG(Xi))
− 1
2 〈Fµ(X1)Fν(X2)Fρ(X3)Fσ(X4)〉flat
(6.28)
〈Fµ(X1)Fν(X2)Fρ(X3)Fσ(X4)〉flat =
∏
i<j det |Xij |−
1
3
[
(X12)
−1
µν (X34)
−1
ρσΦ12,34(z, z
′)
−(X13)−1µρ (X24)−1νσΦ13,24(z, z′) + (X14)−1µσ (X23)−1νρ Φ14,23(z, z′)
]
. (6.29)
As before, the functions Φij,kℓ(z, z
′) are indeterminate functions of the crossing ratios con-
strained by crossing symmetry to satisfy
Φ12,34(z, z
′) = Φ13,24
(
1
z
,
z′
z
)
= Φ14,23
(
z
z′
,
1
z′
)
. (6.30)
Finally, one may obtain the four–point function that involves two spinorial and two bosonic fields
on flat hyperspace
〈Fµ(X1)Fν(X2)b(X3)b(X4)〉flat = (X12)−1µν Ψ˜(z, z′)
∏
i<j
det |Xij |−
1
3 , (6.31)
and relate it to the corresponding correlator on Sp(n)
〈Fα(X1)Fβ(X2)b(X3)b(X4)〉Sp(4)
= G−1α
µ
(X1)G
−1
β
ν
(X2)
4∏
i=1
(detG(Xi))
− 1
2 〈Fµ(X1)Fν(X2)b(X3)b(X4)〉flat .
(6.32)
In eq. (6.31), again, Ψ(z, z′) is a function satisfying the crossing relations (6.22) that can-
not be determined by the Sp(2n)–symmetry alone. In fact, the functions of the cross–ratios
Φ˜(z, z′),Φik,kℓ(z, z
′) and Ψ(z, z′) should be completely determined in terms of the OPE between
primary fields in the CFT on flat hyperspace.
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7 Conclusion
In this paper we have considered some aspects of the Sp(2n) invariant formulation of higher spin
fields. The main advantage of this approach is that one may combine infinite series of higher spin
fields into one scalar and one spinor “master” field defined on a hyperspace. It is then possible
to study their field equations, correlation functions and other properties by making appropriate
generalizations of analogous quantities for scalar and spinor fields on conventional flat and AdS
spaces.
We have considered the theory on both, the flat hyperspace and the Sp(n) group manifold,
the latter being a hyperspace extension of AdSd space. As we mentioned above, it is quite
instructive to follow the analogy between the properties of conformal scalar and spinor fields on
a flat space and a scalar and a spinor field on anti de Sitter space on the one side, and a scalar
and spinor field on flat and Sp(n) hyperspace on the other side.
Typically, computations on the ordinary AdS space are performed in a particular conformally
flat parametrization of the metric. Similarly, our study of the field equations and correlation
functions on Sp(n) group manifolds has been heavily based on the GL(n)–flatness property of
these manifolds. By exploiting this property, we have established, via the generalized conformal
transformation, the relation between the field equations for scalar and spinor “master” fields on
flat and Sp(n) group manifolds.
Provided that the fields have an appropriated conformal weight (∆ = 12), their equations of
motion on flat hyperspace and Sp(n) group manifold are invariant under the Sp(2n) symmetry,
which is a generalization of the usual conformal symmetry to the case of the hyperspaces. Using a
technique similar to that of multidimensional conformal field theories [45], we have extended the
results of [18, 25] on two– and three–point functions of the scalar and spinor hyperfields on flat
hyperspace by deriving the form of the two– and three–point correlation functions on Sp(n) and
four–point functions on flat and Sp(n) hyperspace exploiting their invariance under the Sp(2n)
group. The correlation functions on the Sp(n) manifolds are related to their flat hyperspace
counterparts by the the generalized conformal transformation similar to that related the fields
themselves.
Let us note that the results obtained in this paper are valid for Sp(2n) invariant theories
with an arbitrary value of n. By now, however, the most studied physically interesting example
has been the case of n = 4 which corresponds to the four–dimensional higher spin gauge theory.
In this case, the master fields b(X) and fα(X) contain the curvatures of all the higher spin fields
(with the spin ranging from zero to infinity) and the hyperfield equations of motion encode the
Bianchi identities and the field equations for the higher spin curvatures explicitly derived in
the flat space case only (see Section 2). So it will be instructive to derive in a similar way the
Bianchi identities and the equations of motion for the higher spin curvatures in AdS4 from the
field equations (3.14)–(3.17) on Sp(4). In this case it is not consistent anymore to naively extend
the Sp(4) hyperfields B(x, y) and Fα(x, y) as series in the powers of the tensorial coordinates
ymn (as in the flat case (2.14)), but one should rather perform the expansion in the Lorentz
harmonics of the group SO(3, 1) ⊂ Sp(4) parametrized by ymn, very much like when performing
the series expansion of fields in Kaluza–Klein theories. To this end, it might be useful to choose
a different parametrization of the Sp(4) group manifold of the form O(xl, ymn) = K(x)H(y),
where K(x) is the AdS4 coset element and H(y) is the SO(3, 1) group element.
It would also be of interest to apply the results of this paper to the description of higher spin
theories in higher dimensions, especially in AdS. For instance, the cases of n = 8 and n = 16
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correspond, respectively, to conformal higher spin fields on six– and ten–dimensional space–time,
which was demonstrated for theories in flat (hyper)space in [24], while the extension of these
results to theories in AdS is still to be carried out.
We hope that the results obtained in this paper will be useful for better understanding generic
conformal properties of higher spin fields (see e.g. [47–50], [51–53]), as well as for further study
of higher spin AdS/CFT duality.
However, the most ambitious issue in this kind of theories is the interaction problem. As we
have seen, the generalized conformal field theories in hyperspaces considered above have nontriv-
ial three– and four–point correlation functions, however this does not yet imply the existence of
non–trivial interactions. One should resort to additional criteria, such as the study of anoma-
lous dimensions of conformal operators etc. See e.g. [54] for the discussion of these issues in
conventional CFTs. If non–trivial interactions of scalar and spinor hyperfields exist, from the
perspective of higher spin field theory they should correspond to higher–order terms in higher
spin curvatures contained inside the hyperfields. This is yet another important open problem of
how to incorporate higher spin potentials directly into the hyperspace framework. So far this
has only been done with the use of the unfolded technique [15].
So, it seems to be particularly interesting to perform a further detailed study of properties
of conformal field theories on flat hyperspaces and Sp(n) group manifolds and, in particular, the
possibility of constructing interacting conformal field theories on these spaces. In this respect, let
us note that upon having verified the consistency associated with gauge invariance etc. (see e.g.
[11]- [14], [55] and references therein), consistency checks of interacting higher spin gauge theories
on flat and AdS backgrounds proceed in different ways. For a flat background extra crucial
constraints on consistent interactions are obtained by requiring the existence of a nontrivial S–
matrix (in contrast to the theories on AdS backgrounds in which the conventional notion of
S–matrix is not applicable) and these constraints appear when one considers quartic interaction
vertices [56–59].
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A Proof of the GL(n) flatness, some technical details and useful
identities
We use the following normalization for the Dirac γ–matrices
(γm)αδ(γ
n)δβ + (γ
n)αδ(γ
m)δβ = 2η
mnδαβ , (A.1)
wherem, n and other Latin letters are space-time vector indices, and α, β and other Greek letters
correspond to spinorial indices. Throughout the paper “(, )” denotes symmetrization and “[, ]”
denotes antisymmetrization with weight one. The symplectic matrix Cαβ = −Cβα is used to
relate upper and lower spinorial indexes as follows
µα = Cαβµβ, µα = −Cαβµβ, CαγCγβ = −δαβ . (A.2)
We shall now show that the Cartan form given by (4.3)–(4.4) indeed solves the Maurer–Cartan
equation (3.4). Consider first the dΩαβ term in the Maurer-Cartan equation
d(dXα
′β′Gα′
αGβ′
β) = dXα
′β′dXγδ
((
∂Gα′
α
∂Xγδ
)
Gβ′
β +Gα′
α
(
∂Gβ′
β
∂Xγδ
))
=
−dXα′β′dXγδGα′σ ∂G
−1ρ
σ
∂Xγδ
Gρ
αGβ′
β −
−dXα′β′dXγδGα′αGβ′σ ∂G
−1ρ
σ
∂Xγδ
Gρ
β .
Using
dXαβ
dXγδ
=
1
2
(δαγ δ
β
δ + δ
β
γ δ
α
δ ) , (A.3)
and the explicit form of the inverse matrix (4.2), one obtains
ξ
4
(dXβ
′σGσρdX
ρα′ + dXα
′σGσρdX
ρβ′)Gα′
αGβ′
β . (A.4)
Let us note, that the product of an even number of Xαβ matrices is antisymmetric in spinorial
indexes, whereas the product of an odd number of Xαβ is a symmetric matrix. For example,
XαγXγ
β = −XβγXγα, XαγXγδXδβ = +XβδXδγXγα, etc. (A.5)
As a result, equation (A.4) reduces to
ξ
2
dXβ
′σGσρ
∣∣∣
even
dXρα
′
Gα′
αGβ′
β =
ξ
2
dXβ
′σG[σρ]dX
ρα′Gα′
αGβ′
β . (A.6)
The evaluation of the second term in the Maurer–Cartan equation (3.4) is straightforward with
the use of (4.11). After doing so, it is easy to see that the Cartan form (4.3)–(4.4) solves the
Maurer–Cartan equation (3.4).
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